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Abstract
For a vertex u of a tree T , the leaf (internal, respectively) status of u
is the sum of the distances from u to all leaves (internal vertices, respec-
tively) of T . The minimum (maximum, respectively) leaf status of a tree
T is the minimum (maximum, respectively) leaf statuses of all vertices of
T . The minimum (maximum, respectively) internal status of a tree T is
the minimum (maximum, respectively) internal statuses of all vertices of
T . We give the smallest and largest values for the minimum leaf status,
maximum leaf status, minimum internal status, and maximum internal
status of a tree and characterize the extremal cases. We also discuss these
parameters of a tree with given diameter or maximum degree.
Mathematics Subject Classifications: 05C12, 05C35
Keywords and phrases: minimum leaf status, maximum leaf status,
minimum internal status, maximum internal status, tree, diameter, maxi-
mum degree
1 Introduction
Let G be a connected graph of order n ≥ 2 with vertex set V (G). For u, v ∈ V (G),
the distance between u and v in G, denoted by dG(u, v), is the length of a shortest
path connecting u and v in G. Let ∅ 6= A ⊆ V (G). For u ∈ V (G), the A-status
of u in G is defined as
sG(u,A) =
∑
v∈A
dG(u, v).
The minimum A-status of G is sA(G) = min{sG(u,A) : u ∈ V (G)}, while the
maximum A-status of G is SA(G) = max{sG(u,A) : u ∈ V (G)}. The A-centroid
(or A-median) of G is defined as {u ∈ V (G) : sG(u,A) = sA(G)}.
∗E-mail: ghaiyan0705@163.com
†Corresponding author. E-mail: zhoubo@scnu.edu.cn
1
ar
X
iv
:2
00
8.
00
43
8v
1 
 [c
s.D
M
]  
2 A
ug
 20
20
Let sG(u) = sG(u, V (G)) for u ∈ V (G), s(G) = sV (G)(G) and S(G) =
SV (G)(G). Then sG(u) is the status (or transmission) of u in G [4,8,18], s(G) is the
minimum status of G, and S(G) is the maximum status of G. Both minimum and
maximum statuses have been studied extensively, and it should be noted that the
minimum (maximum, respectively) status appeared also in its normalized form
divided by n − 1 that is called the proximity (remoteness, respectively) of the
graph, see, e.g., [1–3,5, 6, 9–13,15,17,20].
Let T be a tree. For u ∈ V (T ), denote by NT (u) the set of vertices adjacent
to u in T and the cardinality of NT (u) is the degree of u in T , denoted by δT (u).
A vertex of degree one in a tree is called a leaf and a vertex of degree at least
two in a tree is called an internal vertex. Let L(T ) and I(T ) be the set of leaves
and the set of internal vertices of T , respectively.
Slater [16] studied structure of the A-centroid of a tree T with ∅ 6= A ⊆ V (T ).
For example, it was shown in [16, Theorem 5] that the A-centroid induces a path
in a tree for any subset A. The another related concept is called A-center, which
is defined to be the set {u ∈ V (T ) : eA(u, T )}, where eA(u, T ) = max{dT (u, v) :
v ∈ A}. It was shown in [16] that L(T )-center and L(T )-centroid have quite
different properties. Wang [19] characterized the trees with maximum distance
between the L(T )-centroid and the centroid or the I(T )-centroid, and maximum
distance between the I(T )-centroid and the centroid, respectively. Here for two
subset A and B of vertices of a connected graph G, the distance between A and
B is smallest distance between a vertex from A and a vertex from B in G.
The minimum leaf status (internal status, respectively) of T is defined to be
the minimum L(T )-status (I(T )-status, respectively), denoted by ls(T ) (is(T ),
respectively). That is,
ls(T ) = sL(T )(T ) and is(T ) = sI(T )(T ).
The maximum leaf status (internal status, respectively) of T is defined to be the
maximum L(T )-status (I(T )-status, respectively), denoted by LS(T ) (IS(T ),
respectively). That is,
LS(T ) = SL(T )(T ) and IS(T ) = SI(T )(T ).
In this paper, we study the extremal properties of these four parameters of trees.
We give the smallest and largest values for the minimum leaf status, maximum
leaf status, minimum internal status, and maximum internal status of a tree and
characterize the extremal cases. We also discuss these parameters of trees with
given diameter or maximum degree.
We note related work of Dimitrov et al. [7], where, if restricted to trees, they
studied the extremal properties of
∑
u,v∈I(T ) dT (u, v) and
∑
u,v∈V (T )
{u,v}∩L(T )6=∅
dT (u, v) for
trees T .
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2 Preliminaries
The diameter of a connected graph G is the maximum distance between two
vertices. Denote by Sn and Pn the star and the path of order n, respectively.
A double star is a tree with diameter 3, which is obtainable by adding an edge
between the centers of two nontrivial stars.
For a vertex u of a nontrivial tree T , the components of T − u are called the
branches of T at u. For A ⊆ V (T ), the A-branch-weight of u in T , denoted by
bwT (u,A), is defined to be
max{|A ∩ V (B)| : B is a branch of T at u}.
For a tree T , a vertex in the A-centroid is called an A-centroid vertex. The
following lemma is a restatement of [16, Theorem 8].
Lemma 2.1. Let T be a tree of order n ≥ 2. Then u is an A-centroid vertex if
and only if bwT (u,A) ≤ bwT (v,A) for any v ∈ V (T ).
For u, v ∈ V (T ), denote by nT (u, v|A) the number of vertices in A closer
to u than to v. Let T be a tree with u ∈ V (T ). For A = L(T ), I(T ), Wang
[19, Proposition 3.1] stated that u is an A-centroid vertex of T if and only if
nT (u, v|A) ≥ nT (v, u|A) for any v ∈ NT (u).
We give a somewhat easy necessary and sufficient condition for a vertex of a
tree T being an A-centroid vertex for A = L(T ), I(T ).
Lemma 2.2. Let T be a tree of order n ≥ 3 with u ∈ V (T ). For A = L(T ), I(T ),
u is an A-centroid vertex of T if and only if bwT (u,A) ≤ |A|2 .
Proof. Let r = δT (u) and NT (u) = {u1, . . . , ur}. For i = 1, . . . , r, let Bi be
the branch of T at u containing ui and let ai = |A ∩ V (Bi)|. Assume that
a1 ≥ · · · ≥ ar. Then, by definition, bwT (u,A) = a1.
Suppose that bwT (u,A) ≤ |A|2 , i.e., a1 ≤ |A|2 . For any v ∈ V (T )\(V (B1)∪{u}),
say v ∈ V (Bi) with 2 ≤ i ≤ r, as T − V (Bi) is a subtree of a branch at v, we
have bwT (v,A) ≥ |A ∩ (V (T ) \ V (Bi))| ≥
∑r
j=1 aj − ai ≥ a1 = bwT (u,A). If
A = L(T ), then
∑r
j=1 aj = |A|, so
∑r
j=2 aj ≥ |A|2 , and for any v ∈ V (B1),
we have bwT (v,A) ≥ |A ∩ (V (T ) \ V (B1))| =
∑r
j=2 aj ≥ |A|2 ≥ bwT (u,A). If
A = I(T ), then
∑r
j=1 aj = |A| − 1, so
∑r
j=2 aj ≥ |A|2 − 1, and for any v ∈ V (B1),
we have bwT (v, A) ≥ |A ∩ (V (T ) \ V (B1))| = 1 +
∑r
j=2 aj ≥ |A|2 ≥ bwT (u,A).
Therefore bwT (u,A) ≤ bwT (v,A) for any v ∈ V (T ), which implies that u is an
A-centroid vertex of T by Lemma 2.1.
Conversely, suppose that u is an A-centroid vertex of T .
Case 1. A = L(T ).
If |A| = 2, then T ∼= Pn and u may be any internal vertex. Then bwT (u,A) =
1 ≤ |A|
2
. Suppose that |A| ≥ 3. If bwT (u,A) > |A|2 , i.e., a1 > |A|2 , then
∑r
i=2 ai <
|A|
2
, so sT (u, L(T ))−sT (u1, L(T )) = a1−
∑r
i=2 ai > 0, implying that sT (u, L(T )) >
sT (u1, L(T )), a contradiction. It follows that bwT (u,A) ≤ |A|2 .
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Case 2. A = I(T ).
If |A| = 1, then T ∼= Sn and u is the center. If |A| = 2, then T is a double
star and u may be either internal vertices. So we have bwT (u,A) = 0, 1 ≤ |A|2
if |A| = 1, 2. Suppose that |A| ≥ 3. If bwT (u,A) > |A|2 , i.e., a1 > |A|2 , then∑r
i=2 ai <
|A|
2
− 1, so sT (u, I(T )) − sT (u1, I(T )) = a1 − 1 −
∑r
i=2 ai > 0, a
contradiction. It follows that bwT (u,A) ≤ |A|2 .
By combining Cases 1 and 2, we have bwT (u,A) ≤ |A|2 .
A leaf peripherian vertex of a tree T on n vertices is a vertex of T with
maximum leaf status. Note that every vertex of Pn is a leaf peripherian vertex
and LS(Pn) = n − 1. In the following lemma, we show that a leaf peripherian
vertex of a tree that is not a path must be a leaf.
Lemma 2.3. Let T be a tree that is not a path. Let u ∈ V (T ). If u is a leaf
peripherian vertex of T , then u ∈ L(T ).
Proof. We prove the lemma by contradiction. Suppose that u is a leaf peripherian
vertex of T but u /∈ L(T ). Then δT (u) ≥ 2. Let r = dT (u) and NT (u) =
{u1, . . . , ur}, where r ≥ 2. For i = 1, . . . , r, let Bi be the branch of T at u
containing ui, Li = L(T ) ∩ V (Bi) and ai = |Li|. Assume that a1 ≤ · · · ≤ ar.
Suppose first that r = 2 and a2 = a1. As T is not a path, we have a2 = a1 ≥ 2.
Let v ∈ L1 and let z be the unique vertex adjacent to v in T . Then
sT (u, L(T )) =
∑
w∈L1\{v}
dT (u,w) + dT (u, v) +
∑
w∈L2
dT (u,w),
sT (v, L(T )) =
∑
w∈L1\{v}
dT (v, w) +
∑
w∈L2
(dT (v, u) + dT (u,w)),
and so
sT (v, L(T ))− sT (u, L(T ))
=
∑
w∈L1\{v}
(dT (v, w)− dT (u,w))− dT (u, v) +
∑
w∈L2
dT (v, u)
>
∑
w∈L1\{v}
(dT (z, w)− dT (u,w))− dT (u, v) +
∑
w∈L2
dT (v, u)
≥ −
∑
w∈L1\{v}
dT (z, u)− dT (u, v) +
∑
w∈L2
dT (v, u)
= −
∑
w∈L1\{v}
(dT (v, u)− 1)− dT (u, v) +
∑
w∈L2
dT (v, u)
=
∑
w∈L1\{v}
1
= a1 − 1
> 0.
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Thus sT (v, L(T )) > sT (u, L(T )). This implies that u can not be a leaf peripherian
vertex of T , a contradiction.
Suppose next that r = 2 and a2 > a1, or r ≥ 3. Then
sT (u, L(T )) =
∑
v∈L1
dT (u, v) +
r∑
j=2
∑
v∈Lj
dT (u, v),
sT (u1, L(T )) =
∑
v∈L1
(dT (u, v)− 1) +
r∑
j=2
∑
v∈Lj
(dT (u, v) + 1),
and so
sT (u1, L(T ))− sT (u, L(T )) =
∑
v∈L1
(−1) +
r∑
j=2
∑
v∈Lj
1
=
r∑
i=2
ai − a1
> 0.
Thus sT (u1, L(T )) > sT (u, L(T )). This implies that u is not a leaf peripherian
vertex of T , also a contradiction.
Therefore, u ∈ L(T ), as desired.
A internal peripherian vertex of a tree T is a vertex of T with maximum
internal status.
Lemma 2.4. Let T be a tree. Suppose that u is a internal peripherian vertex of
T . Then u ∈ L(T ).
Proof. We prove the lemma by contradiction. Suppose that u /∈ L(T ). Then
δT (u) ≥ 2.
If there is a vertex v ∈ NT (u) with δT (v) = 1, then it is obvious that
sT (v, I(T )) > sT (u, I(T )), a contradiction. So δT (v) ≥ 2 for any v ∈ NT (u).
Let r = δT (u) and NT (u) = {u1, . . . , ur}, where r ≥ 2. For i = 1, . . . , r, let Bi be
the branch of T at u containing ui, Ii = I(T )∩V (Bi) and ai = |Ii|. Assume that
a1 ≤ · · · ≤ ar. Let z ∈ I1. Then
sT (u, I(T )) =
∑
w∈I1\{z}
dT (u,w) + dT (u, z) +
r∑
i=2
∑
w∈Ii
dT (u,w),
sT (z, I(T )) =
∑
w∈I1\{z}
dT (z, w) + dT (z, u) +
r∑
i=2
∑
w∈Ii
(dT (z, u) + dT (u,w)),
and so
sT (z, I(T ))− sT (u, I(T ))
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=
∑
w∈I1\{v}
(dT (z, w)− dT (u,w)) +
r∑
i=2
∑
w∈Ii
dT (z, u)
≥ −dT (z, u)(a1 − 1) + dT (z, u)
r∑
i=2
ai
= dT (z, u)
(
−a1 + 1 +
r∑
i=2
ai
)
> 0.
Thus sT (z, I(T )) > sT (u, I(T )), a contradiction.
A tree is called starlike if it has at most one vertex of degree greater than 2.
So, a star and a path are both particular starlike trees.
A diametric path of a tree is a longest path in this tree (whose length equals the
diameter). Evidently, the terminal vertices of a diametric path of any nontrivial
tree are leaves.
A caterpillar is a tree such that the deletion of all leaves outside a diametric
path (if any exists) yields a path.
A leaf edge in a tree is an edge incident with a leaf.
For a tree T with uw ∈ E(T ) and vw 6∈ E(T ), if T ′ = T − uw + vw is a tree,
then we also say that T ′ is obtained from T by moving the edge uw from u to v.
A hanging path at a vertex u of a tree T is a path uu1 . . . u` with δT (u) ≥ 3,
δT (u`) = 1 and if ` ≥ 2, δT (ui) = 2 for i = 1, . . . , `− 1.
Let P be a path in a tree T . For v ∈ V (T ) \ V (P ), the distance between v
and P is defined to be dT (v, P ) = min{dT (v, w) : w ∈ V (P )}.
3 Minimum leaf status
Theorem 3.1. Let T be a tree of order n. Then
ls(T ) ≥ n− 1
with equality if and only if T is starlike.
Proof. Let T be a tree of order n that minimizes the minimum leaf status. Let
u be an L(T )-centroid vertex. Suppose that there is a vertex v, different from u,
with degree at least 3. Denote by v0, v1, . . . , vr−1 all the neighbors of v, where v0
lies on the unique path connecting u and v in T , and r = δT (v). Let
T ′ = T − {vvi : i = 1, . . . , r − 2}+ {uvi : i = 1, . . . , r − 2}.
Let V ′ be the set of leaves in the branch of T at u containing v, and V ′′ the set
of leaves of all the branches of T at v containing one of v1, v2, . . . , vr−2. Then
sT (u, L(T ))− sT ′(u, L(T ′)) = sT (u, V ′)− sT ′(u, V ′)
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=
∑
w∈V ′′
(dT (u,w)− dT ′(u,w))
=
∑
w∈V ′′
dT (u, v)
= |V ′′|dT (u, v)
> 0,
and so ls(T ) = sT (u, L(T )) > sT ′(u, L(T
′)) ≥ ls(T ′), a contradiction. Thus,
all vertices different from u are of degree 1 or 2. That is, there is at most one
vertex of degree at least 3, or T is starlike. By Lemma 2.2, in a starlike tree T
of order n, the vertex of maximum degree is an L(T )-centroid vertex, and thus
ls(T ) = |E(T )| = n− 1.
For integers n, a and b with 2 ≤ a, b ≤ n−2
2
, Tn;a,b be the tree of order n
obtained from two stars Sa+1 and Sb+1 by connecting their centers by a path of
length n− a− b− 1. For convenience, let Tn,a = Tn;a,a.
Theorem 3.2. Let T be a tree of order n ≥ 6. Then
ls(T ) ≤
⌊
(n+ 1)2
8
⌋
with equality if and only if T ∼= Tn,dn
4
e if n is even or n ≡ 3 (mod 4), and
T ∼= Tn,n−1
4
, Tn,n+3
4
if n ≡ 1 (mod 4).
Proof. Let T be a tree of order n that maximizes the minimum leaf status.
Let x be an L(T )-centroid vertex. Let r = δT (x) and NT (x) = {x1, . . . , xr}.
For i = 1, . . . , r, let Bi be the branch of T at x containing xi and let ai =
|L(T ) ∩ V (Bi)|. Assume that a1 ≥ · · · ≥ ar.
By Theorem 3.1, T can not be a starlike tree and thus there are at least two
vertices of degree at least three, and it is obvious that one such vertex lies in
some branch of T at x.
Claim 1. If a branch of T at x contains a vertex of degree at least three in T ,
then there is exactly one such vertex in this branch, and its neighbors in T are
all leaves except one lying on the unique path connecting to x.
Assume that B1 is a branch of T at x with a vertex of degree at least three in
T . Let P = v0v1 . . . vp be a longest path in T from a leaf of T in B1 to x, where
vp = x, vp−1 = x1 and p ≥ 2. Then δT (vi) ≥ 3 for some i = 1, . . . , p− 1. Suppose
that i > 1. Then p ≥ 3. Let T ′ be the tree obtained from T by moving all edges
outside P incident with vi from vi to v1. By Lemma 2.2, x is an L(T
′)-centroid
vertex. It is evident that ls(T ′) > ls(T ), a contradiction. Thus, v1 is the only
vertex in B1 with degree at least three in T and all its neighbors are leaves of T
except the one lying on the path connecting to x. This proves Claim 1.
Claim 2. T is obtainable by connecting the centers of two copies of Sa1+1 by a
path, where a1 ≥ 2.
Suppose first that r = 2. Then, by Lemma 2.2, both B1 and B2 contain a
vertex of degree at least three in T , and by Claim 1, there is exactly one vertex
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of degree at least three in each of B1 and B2, and its neighbors in T are all leaves
except one lying on the path connecting to x. So, T is obtainable by connecting
the centers of two stars, say Sa1+1 and Sa2+1, by a path, where a1 ≥ a2 ≥ 2.
Suppose that a1 > a2. Let z be the vertex in B1 with degree a1 + 1 in T . Then
bwT (x, L(T )) = a1 > a2 = bwT (z, L(T )). So x is not an L(T )-centroid vertex by
Lemma 2.1, a contradiction. Thus a1 = a2.
Suppose next that r ≥ 3. Assume that B1 is a branch of T at x containing a
vertex of degree at least three in T . By Claim 1, there is exactly one such vertex
v1, and the neighbors of v1 in T are all leaves except the one lying on the path
between v1 and x. Let z ∈ L(T ) ∩ V (Br), k = dT (x, z) and ` = dT (x, v1). By
Lemma 2.1, a1 = bwT (x, L(T )) ≤ bwT (v1, L(T )) =
∑r
i=2 ai.
Suppose that a1 <
∑r
i=2 ai. Suppose first that ar = 1. Let
T ′ = T − xx1 + x1z.
Note that
∑r
i=1 ai = |L(T )|. As a1 <
∑r
i=2 ai, we have 2a1 < |L(T )|, so a1 ≤
|L(T )|−1
2
= |L(T
′)|
2
. Then, by Lemma 2.2, x is an L(T ′)-centroid vertex. Thus
ls(T ′)− ls(T ) = sT ′(x, L(T ′))− sT (x, L(T ))
= (k + `+ 1)a1 − k − (`+ 1)a1
= (a1 − 1)k
> 0.
That is, ls(T ′) > ls(T ), a contradiction. Suppose next that ar ≥ 2. Let z1, . . . , zar
be the leaves of T in Br, where z1 = z. By Claim 1, these leaves are adjacent to a
common vertex, say vr. We consider a1 ≤
∑r−1
i=2 ai and a1 >
∑r−1
i=2 ai separately.
In the former case, let
T ′ = T − xx1 − {vrzi : i = 2, . . . , ar}+ {zizi+1 : i = 1, . . . , ar − 1}+ x1zar .
As a1 ≤ |L(T )|−ar2 = |L(T )
′|
2
, x is an L(T ′)-centroid vertex by Lemma 2.2, so
ls(T ′)− ls(T ) = (k+ar−1+ `+1)a1−kar− (`+1)a1 = (k+ar−1)a1−kar > 0,
i.e., ls(T ′) > ls(T ), a contradiction. In the latter case, let
T ′ = T − {xxi : i = 2, . . . , r − 1}+ {xrxi : i = 2, . . . , r − 1}.
By Lemma 2.2, xr is an L(T
′)-centroid vertex. Then ls(T ′)− ls(T ) = a1−ar > 0,
also a contradiction. Therefore, a1 =
∑r
i=2 ai.
If |V (Bi)| > 1 for some 2 ≤ i ≤ r, then for the tree
T ′′ = T − {xxj : j = 2, . . . , r with j 6= i}+ {xixj : j = 2, . . . , r with j 6= i},
as x is an L(T ′′)-centroid vertex by Lemma 2.2, we have ls(T ′′) > ls(T ). This
contradiction shows that |V (B2)| = · · · = |V (Br)| = 1. This proves Claim 2.
8
By Claim 2, T ∼= Tn,a1 . Then the diameter of T is d = n + 1 − 2a1, and any
internal vertex is an L(T )-centroid vertex. Let v be the neighbor of some leaf.
So
ls(T ) = sT (v, L(T )) = a1 + a1(d− 1) = a1d = a1(n+ 1− 2a1) := f(a1),
which is strictly increasing when a1 ≤ n+14 and strictly decreasing when a1 ≥ n+14 .
If n ≡ 3 (mod 4), then f(a1) ≤ f
(
n+1
4
)
= (n+1)
2
8
=
⌊
(n+1)2
8
⌋
with equality if and
only if a1 =
n+1
4
. If n ≡ 2 (mod 4), then f(a1) ≤ f
(
n+2
4
)
= n(n+2)
8
=
⌊
(n+1)2
8
⌋
with equality if and only if a1 =
n+2
4
. If n ≡ 0 (mod 4), then f(a1) ≤ f
(
n
4
)
=
n(n+2)
8
=
⌊
(n+1)2
8
⌋
with equality if and only if a1 =
n
4
. If n ≡ 1 (mod 4), then
f(a1) ≤ f
(
n−1
4
)
= f
(
n+3
4
)
= (n−1)(n+3)
8
=
⌊
(n+1)2
8
⌋
with equality if and only if
a1 =
n−1
4
or n+3
4
. So, we have T ∼= Tn,a, where
a =
d
n
4
e if n is even or n ≡ 3 (mod 4)
n−1
4
, n+3
4
if n ≡ 1 (mod 4)
and ls(T ) =
⌊
(n+1)2
8
⌋
.
Theorem 3.3. Let T be a tree of order n with diameter d, where 3 ≤ d ≤ n− 1.
Then
ls(T ) ≤

(n−d+1)d
2
if n− d is odd
(n−d)d
2
+ 1 if n− d is even
with equality if and only if T ∼= Tn,n−d+1
2
when n−d is odd, and T ∼= Tn;n−d
2
,n−d+2
2
,
or d ≥ 4 and T is isomorphic to a tree obtained from Tn−1,n−d
2
by adding a leaf
edge at a vertex of degree two when n− d is even.
Proof. If d = n − 1, then the result is trivial as n − d = 1 is odd, T ∼= Pn and
ls(T ) = n− 1 = (n−d+1)d
2
.
Suppose that d ≤ n − 2. Let T be a tree of order n with diameter d that
maximizes the minimum leaf status. Let x be an L(T )-centroid vertex. Let
r = δT (x) and NT (x) = {y1, . . . , yr}. For i = 1, . . . , r, let Bi be the branch of T
at x containing yi and let ai = |L(T ) ∩ V (Bi)|.
Suppose that r = 2. By Lemma 2.2, a1, a2 ≤ |L(T )|2 . So a1 = a2 = |L(T )|2 .
Choose a vertex w ∈ V (B1) with δT (w) ≥ 3 such that dT (x,w) is as small as
possible. Then bwT (w,L(T )) = a2 =
|L(T )|
2
. So w is an L(T )-centroid vertex by
Lemma 2.2. Therefore, we may assume that r ≥ 3. Let P := x0x1 . . . xd be an
arbitrary diametric path of T .
Claim 1. x is in some diametric path.
Suppose this is not true. That is, x lies outside any diametric path. Then, for
some i with 3 ≤ i ≤ d− 3, one has dT (x, P ) = dT (x, xi) ≤ min{i− 2, d− i− 2}.
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Assume that xi ∈ Br. Suppose that aj > ar for some j with 1 ≤ j ≤ r − 1. Let
T ′ be the tree obtained from T by moving the edges xyk with 1 ≤ k ≤ r − 1
and k 6= j from x to yr. Note that the diameter of T ′ is d and L(T ′) = L(T ).
As aj > ar, we have bwT ′(yr) = max{a1, . . . , ar−1} = bwT (x). By Lemma 2.2, yr
is an L(T ′)-centroid vertex. So ls(T ) = sT (x, L(T )) < sT (x, L(T )) + aj − ar =
sT ′(yr, L(T
′)) = ls(T ′). This contradiction shows that aj ≤ ar for 1 ≤ j ≤ r − 1.
Suppose that, for some 1 ≤ j ≤ r − 1, aj < ar, and either δT (yj) ≥ 2 or
δT (yj) = 1 and ar <
|L(T )|
2
.
Let T ′′ be the tree obtained from T by moving the edges xyk with 1 ≤ k ≤ r−1
and k 6= j from x to yj. Evidently, the diameter of T ′′ is d. Let T0 be the maximal
subtree of T − xyj containing yj. Note that the branches of T ′′ − yj are Bk with
1 ≤ k ≤ r−1 and k 6= j, T [{x}∪V (Br)], and if δT (yj) ≥ 2, the branches of T0 at
yj. As ak ≤ ar for 1 ≤ k ≤ r − 1, bwT ′′(yj) = max{ak : k = 1, . . . , r, k 6= j} = ar.
If δT (yj) ≥ 2, then bwT ′′(yj) = ar = bwT (x) ≤ |L(T )|2 = |L(T
′′)|
2
by Lemma 2.2.
If δT (yj) = 1 and ar <
|L(T )|
2
, then bwT ′′(yj) = ar ≤ |L(T )|−12 = |L(T
′′)|
2
. In either
case, yj is an L(T
′′)-centroid vertex by Lemma 2.2. So ls(T ) = sT (x, L(T )) <
sT (x, L(T )) + ar − aj = sT ′′(yj, L(T ′′)) = ls(T ′′), a contradiction. Therefore
a1 = · · · = ar, or δT (yj) = 1 for 1 ≤ j ≤ r − 1 and ar = |L(T )|2 . We show both
cases are impossible.
Case 1. δT (yj) = 1 for 1 ≤ j ≤ r − 1 and ar = |L(T )|2 .
Obviously, r − 1 = |L(T )|
2
. Let w be a vertex in Br with δT (w) ≥ 3 such that
dT (w, x) is as small as possible. Note that bwT (w) =
|L(T )|
2
. So w is an L(T )-
centroid vertex by Lemma 2.2. Suppose that w 6= xi. Let w′ be the neighbor
of w in the branch of T at w containing xi. Let T
′ be the tree obtained from
T by moving edges incident with w outside the path connecting x and xi from
w to w′. Then bwT ′(w′) =
|L(T )|
2
= |L(T
′)|
2
. Thus w′ is an L(T ′)-centroid vertex
by Lemma 2.2. It is evident that sT ′(w
′, L(T ′)) > sT (w,L(T )), implying that
ls(T ′) = sT ′(w′, L(T ′)) > sT (w,L(T )) = ls(T ), a contradiction. It thus follows
that w = xi. Let T
′′ = T − xy1 + x1y1. As bwT ′′(xi) ≤ |L(T ′′)|2 , xi is an L(T ′′)-
centroid vertex by Lemma 2.2. Then ls(T ′′) = sT ′′(xi, L(T ′′)) > sT (xi, L(T )) =
sT (x, L(T )) = ls(T ), a contradiction. So Case 1 can not occur.
Case 2. a1 = · · · = ar.
Let w be a vertex in Br with δT (w) ≥ 3 such that dT (x,w) is as small as
possible. Let T ′ = T − {xyj : 2 ≤ j ≤ r − 1} + {wyj : 2 ≤ j ≤ r − 1}.
Note that bwT ′(w) = bwT (x) = a1 <
|L(T )|
2
= |L(T
′)|
2
. So w is an L(T ′)-centroid
vertex by Lemma 2.2. Thus ls(T ′) − ls(T ) = sT ′(w,L(T ′)) − sT (x, L(T )) =
a1dT (x,w)− ardT (x,w) = 0, i.e., ls(T ′) = ls(T ).
Suppose that w 6= xi. Let t = δT ′(w) and NT ′(w) = {w1, . . . , wt}. For j =
1, . . . , t, let B′j be the branch of T at w containing wj and let bj = |L(T ′)∩V (B′j)|.
Assume that x ∈ V (B′1) and xi ∈ V (B′t). Let T ′′ = T ′ − {wwi : 2 ≤ j ≤
t − 1} + {wtwi : 2 ≤ j ≤ t − 1}. Obviously, bwT ′′(wt) = b1 = a1, so wt is an
L(T ′′)-centroid vertex by Lemma 2.2. Note also that b1 = a1 = ar > bt. Then
ls(T ′′) = sT ′′(wt, L(T ′′)) = sT ′(w,L(T ′)) + b1 − bt > sT ′(w,L(T ′)) = ls(T ′) =
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ls(T ), a contradiction. Thus w = xi. Let n1 (n2, respectively) be the number of
leaves in the branch of T ′ at xi containing xi−1 (xi+1, respectively). Let z1 be
the neighbor of xi in the path connecting xi and x in T
′. Assume that n1 ≥ n2.
Suppose that n1 > n2. Denote by T1 the tree obtained from T
′ by moving the
edges xiz1, xiy2, . . . , xiyr−1 from xi to xi+1. By Lemma 2.2, bwT1(xi+1) = a1 =
bwT ′(xi) ≤ |L(T ′)|2 = |L(T1)|2 , and so xi+1 is an L(T1)-centroid vertex. Thus ls(T1) =
sT1(xi+1, L(T1)) ≥ sT ′(xi, L(T ′))+n1−n2 > sT ′(xi, L(T ′)) = ls(T ′) = ls(T ). This
contradiction shows that n1 = n2. Let T2 = T
′ − {xiz1, xiy2} + {xi−1z1, xi+1y2}.
Note that there are n1+a1 leaves in the branch of T2 at xi containing x0 and n2+a2
(= n1 + a1) leaves in the branch of T2 at xi containing xd. Thus bwT2(xi) = a1 +
n1 ≤ |L(T2)|2 , implying that xi is an L(T2)-centroid vertex by Lemma 2.2. It follows
that ls(T2) = sT2(xi, L(T2)) = sT ′(xi, L(T
′)) + 2a1 > sT ′(xi, L(T ′)) = ls(T ′), also
a contradiction. So Case 2 can not occur.
Now Claim 1 follows by combining the above two cases.
By Claim 1, we may assume that xi = x, where 1 ≤ i ≤ d − 1. Denote by a
the number of leaves in the branch of T at xi containing xi−1.
Claim 2. T is a caterpillar.
Suppose that T is not a caterpillar. Then d(w,P ) ≥ 2 for some leaf w of T
outside P . Let u be the unique neighbor vertex of w. Assume that d(w, xj) =
d(w,P ) and j ≤ i. We want to show that j = i. Suppose that j < i. Choose j
such that i − j is as small as possible. If j < i − 1 and δT (xk) ≥ 3 for some k
with j < k < i, then by moving the leaf edges at xk to x1, we get a tree T
′ for
which x is still an L(T ′)-centroid by Lemma 2.2, so ls(T ′) > ls(T ), which is a
contradiction. Thus δT (xj+1) = · · · = δT (xi−1) = 2 if j < i− 1. Denote by T ′ the
tree obtained from T by moving all the leaf edges at u from u to x1. If xi is also
an L(T ′)-centroid vertex, then, as dT (x1, xi) ≥ dT (u, xi) and u ∈ L(T ′), we have
ls(T ′) = sT ′(xi, L(T ′)) > sT (xi, L(T )) = ls(T ), a contradiction. Thus xi is not an
L(T ′)-centroid vertex. Note that the branches of T ′ at xi containing no xj are just
the branches of T at xi not containing xj, and that xi is an L(T )-centroid vertex.
By Lemma 2.2, a + 1 = bwT ′(x) >
|L(T ′)|
2
and a ≤ |L(T )|
2
. So |L(T )|+1
2
= |L(T
′)|
2
<
a + 1 ≤ |L(T )|
2
+ 1, i.e., a = |L(T )|
2
. Then bwT (xj, L(T )) = bwT ′(xj, L(T
′)) =
|L(T )| − a = |L(T )|
2
, so xj is an L(T )-centroid vertex and also an L(T
′)-centroid
vertex by Lemma 2.2. Thus ls(T ′) = sT ′(xj, L(T ′)) > sT (xj, L(T )) = ls(T ), also
a contradiction. This shows that j = i.
By the choice of T , each internal vertex of T on P different from x1, xd−1, xi
has degree two. Otherwise, as above, by moving the leaf edges from these vertices
to x1 or xd−1 would result in a tree with larger minimum leaf status. Note that the
number of leaves in the branch of T at xi containing xi−1 is a. Let p = δT (u)− 1.
Let k be the number of leaves in the branch of T at xi containing w. Let n0 be
the maximum number of leaves in a branch of T at xi containing no xi−1 and w.
Suppose that a+ p ≤ |L(T )|+1
2
. Let T ′ be the tree obtained from T by moving the
leaf edges at u from u to x1. By Lemma 2.2, bwT ′(xi) = max{a+p, k−p+1, n0} ≤
max
{
a+ p, |L(T )|
2
}
≤ |L(T )|+1
2
, and so xi is an L(T
′)-centroid vertex. Then we
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have ls(T ′) = sT ′(xi, L(T ′)) > sT (xi, L(T )) = ls(T ), a contradiction. It thus
follows that a+ p > |L(T )|+1
2
, i.e., p > |L(T )|+1
2
− a. We form a tree T ′′ by moving⌊
|L(T )|+1
2
⌋
−a leaf edges at u from u to x1 and the remaining leaf edges at u from
u to xd−1. Note that bwT ′′(xi) =
⌊
|L(T )|+1
2
⌋
≤ |L(T ′′)|
2
. Thus xi is also an L(T
′′)-
centroid vertex by Lemma 2.2. So ls(T ′′) = sT2(xi, L(T2)) > sT (xi, L(T )) =
ls(T ), a contradiction. This completes the proof Claim 2.
By Claim 2, T is a caterpillar. Then |L(T )| = n − d + 1. Note that a =
δT (x1)− 1. Let b = δT (xd−1)− 1.
Case 1. n− d is odd.
We want to show i = 1 or d−1. Suppose that this is not true. By the choice of
T , each vertex from x2, . . . , xd−2 different from xi has degree two in T . Note that
the number of leaves at xi in T is n− d+ 1− a− b. By Lemma 2.2, a, b ≤ n−d+12 .
Suppose that a < n−d+1
2
. We form a tree T ′ by moving n−d+1
2
− a leaf edges
at xi from xi to x1. Evidently, ls(T
′) = sT ′(xi, L(T ′)) > sT (xi, L(T )) = ls(T ),
a contradiction. So a = n−d+1
2
. Similarly, b = n−d+1
2
. Thus T ∼= Tn,n−d+1
2
and
ls(T ) = (n−d+1)d
2
.
Case 2. n− d is even.
If i = 1 or d − 1, then with a similar argument as in Case 1, we have T ∼=
Tn;n−d
2
,n−d+2
2
and ls(T ) = (n−d)d
2
+ 1. Suppose that i 6= 1, d − 1. Then d ≥ 4.
By the choice of T , each vertex from x2, . . . , xd−2 different from xi has degree
two in T . By Lemma 2.2, a, b ≤ n−d
2
. Suppose that a < n−d
2
. Then a tree
T ′ can be formed by moving n−d
2
− a leaf edges at xi from xi to x1. Thus
ls(T ′) = sT ′(xi, L(T ′)) > sT (xi, L(T )) = ls(T ), a contradiction. Thus a = n−d2 .
Similarly, b = n−d
2
. Thus T is isomorphic to a tree obtained from Tn−1,n−d
2
by
adding a leaf edge at a vertex of degree two, ls(T ) = (n−d)d
2
+ 1.
The result follows by combining the above two cases.
4 Maximum leaf status
Theorem 4.1. Let T be a tree of order n. Then
LS(T ) ≥ n− 1
with equality if and only if T ∼= Pn.
Proof. If T ∼= Pn, then LS(T ) = n− 1.
Suppose that T is not a path. Then n ≥ 4. Let x be a leaf peripherian vertex
of T . By Lemma 2.3, x ∈ L(T ). So LS(T ) = sT (x, L(T )) =
∑
y∈L(T )\{x} dT (x, y).
Let u be a vertex of degree at least three such that dT (x, u) is as small as possible.
Then the unique path from x to any other leaf of T contains the path from x to
u. On the other hand, every edge of T lies on some path connecting x and some
other leaf of T . So
LS(T ) =
∑
y∈L(T )\{x}
dT (x, y)
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≥ dT (x, u)(|L(T )| − 1) + n− 1− dT (x, u)
≥ |L(T )| − 2 + n− 1
> n− 1.
So the result follows.
For integers n, a with 1 ≤ a ≤ n− 2, let Pn,a be the tree of order n obtained
by identifying the center of a star Sa+1 and a terminal vertex of a path Pn−a.
Particularly, Pn,1 = Pn and Pn,n−2 = Sn.
Theorem 4.2. Let T be a tree of order n ≥ 4. Then
LS(T ) ≤
⌊
n2
4
⌋
with equality if and only if T ∼= Pn,n
2
for even n, and T ∼= Pn,n−1
2
, Pn,n+1
2
for odd
n.
Proof. If n = 4, then T ∼= P4 or S4 (= P4,2) and LS(P4) = 3 < 4 = LS(P4,2).
If n = 5, then T ∼= P5, P5,2 or S5 (= P5,3) and LS(P5) = 4 < 6 = LS(P5,2) =
LS(P5,3). So the result holds if n = 4, 5.
Suppose that n ≥ 6. Let T be a tree of order n that maximizes the maximum
leaf status. Note that the maximum leaf status of Pn,n
2
for even n, and Pn,n−1
2
or
Pn,n+1
2
for odd n is
⌊
n2
4
⌋
. If T ∼= Pn, then LS(T ) = n − 1 <
⌊
n2
4
⌋
. If T ∼= Sn,
then LS(T ) = 2(n− 2) <
⌊
n2
4
⌋
. So T is neither a path nor a star.
Let x be a leaf peripherian vertex of T . By Lemma 2.3, x ∈ L(T ). Let
P := x0 . . . xr be a longest path of T starting from x0 = x. Then 3 ≤ r ≤ n− 2.
Note that δT (xi) ≥ 3 for some i with 1 ≤ i ≤ r−1. By the choice of T , δT (xi) = 2
for i = 1, . . . , r−2, as, otherwise, by moving an edge outside P from xi to xr−1 we
get a tree T ′, for which we have LS(T ′) ≥ sT ′(x, L(T ′)) > sT (x, L(T )) = LS(T ),
which is a contradiction. As P is a longest path from x, all neighbors of xr−1
except xr−2 are leaves. Let a = δT (xr−1)− 1. Then T ∼= Pn,a, and
LS(T ) = sT (x, L(T )) = a(n− a)
which is maximized to bn2
4
c if and only if a = n
2
if n is even, and a = n−1
2
, n+1
2
if
n is odd.
Theorem 4.3. Let T be a tree of order n with diameter d, where 2 ≤ d ≤ n− 1.
Let t =
⌈
2(n−1−d)
d
⌉
for even d and t =
⌈
2(n−1−d)
d−1
⌉
for odd d. Then
LS(T ) ≥ n− 1 +
⌈
dt
2
⌉
with equality if and only if T is a tree with a diametric path between two leaves
x and y and exactly t hanging paths at vertices of the diametric path such that
LS(T ) = sT (x, L(T )) = sT (y, L(T )) for even dt and LS(T ) = max{sT (x, L(T )), sT (y, L(T ))}
and |sT (x, L(T ))− sT (y, L(T ))| = 1 for odd dt.
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Proof. Let P := v0v1 . . . vd be a diametric path in T . Let L
∗(T ) = L(T )\{v0, vd}.
Note that ∑
w∈L∗(T )
dT (w,P ) ≥ |E(T )| − d = n− 1− d
with equality if and only if each vertex outside P has degree one or two in T .
For convenience, denote by t = d2(n−1−d)
d
e for even d and t = d2(n−1−d)
d−1 e for odd
d. By a result of Qiao and Zhan [14], |L(T )| ≥ t+ 2. So |L∗(T )| ≥ t. Then
LS(T ) ≥ max{sT (v0, L(T )), sT (vd, L(T ))}
≥ sT (v0, L(T )) + sT (vd, L(T ))
2
= d+
∑
w∈L∗(T )
dT (v0, w) + dT (vd, w)
2
= d+
|L∗(T )|d
2
+
∑
w∈L∗(T )
dT (w,P ) (4.1)
≥ d+ dt
2
+ n− 1− d
= n− 1 + dt
2
.
So
LS(T ) ≥ n− 1 +
⌈
dt
2
⌉
.
Suppose that LS(T ) = n − 1 + ⌈dt
2
⌉
. By the proof of (4.1), each vertex
outside P has degree one or two in T . Note also that |L∗(T )| = t. Otherwise,
|L∗(T )| ≥ t+ 1. So, by (4.1),
n− 1 +
⌈
dt
2
⌉
= LS(T ) ≥ d+ |L
∗(T )|d
2
+ n− 1− d ≥ n− 1 + d(t+ 1)
2
,
a contradiction. So T is a tree with a diametric path P and exactly t hanging
paths at vertices of P .
If dt is even, then the three inequalities in (4.1) must be equalities, so LS(T ) =
sT (v0, L(T )) = sT (vd, L(T ))
Suppose next that dt is odd. From (4.1), we have
max{sT (v0, L(T )), sT (vd, L(T ))} − sT (v0, L(T )) + sT (vd, L(T ))
2
≤ 1
2
,
i.e., |sT (v0, L(T ))− sT (vd, L(T ))| = 0, 1. As |L∗(T )| = t, we have |sT (v0, L(T ))−
sT (vd, L(T ))| = 1 by (4.1).
From (4.1), we also have LS(T ) = max{sT (v0, L(T )), sT (vd, L(T ))}, as other-
wise,
n− 1 +
⌈
dt
2
⌉
= LS(T )
14
> max{sT (v0, L(T )), sT (vd, L(T ))}
=
sT (v0, L(T )) + sT (vd, L(T )) + 1
2
= n− 1 +
⌈
dt
2
⌉
,
a contradiction.
Conversely, if T is a tree with a diametric path between two leaves x and y
and exactly t hanging paths at vertices of the diametric path such that LS(T ) =
sT (x, L(T )) = sT (y, L(T )) for even dt and |sT (x, L(T )) − sT (y, L(T ))| = 1 and
LS(T ) = max{sT (x, L(T )), sT (y, L(T ))} for odd dt, then
LS(T ) = max{sT (x, L(T )), sT (y, L(T ))}
=
⌈
sT (x, L(T )) + sT (y, L(T ))
2
⌉
= n− 1 +
⌈
dt
2
⌉
,
as desired.
We give an example on trees of order 15 with diameter 8. The three trees in
Fig. 1 are the ones that minimize the maximum leaf status.
Fig. 1: Three trees of order 15 with diameter 8.
Theorem 4.4. Let T be a tree of order n with diameter d, where 2 ≤ d ≤ n− 1.
Then
LS(T ) ≤ d(n− d)
with equality if and only if T ∼= Pn,n−d.
Proof. The result is trivial if d = 2, n− 1. Suppose that 3 ≤ d ≤ n− 2. Let T be
a tree of order n with diameter d that maximizes the maximum leaf status.
Let x be a leaf peripherian vertex of T . By Lemma 2.3, x ∈ L(T ). We want
to show that x lies on some diametric path of T . Suppose that this is not true.
That is, x lies outside any diametric path. Let P := x0x1 . . . xd be an arbitrary
diametric path of T . Then dT (x, P ) = dT (x, xi) for some i with 2 ≤ i ≤ d−2 and
1 ≤ dT (x, xi) ≤ min{i− 1, d− i− 1}. By the choice of T , any vertex in the path
Q connecting x and xi except x and xi (if any exists) has degree two in T , as,
otherwise, we move an edge outside Q from this vertex to xi to form a tree T
′, and
for T ′, its diameter is still d, but LS(T ′) ≥ sT ′(x, L(T ′)) > sT (x, L(T )) = LS(T ),
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which is a contradiction. Let r = δT (xi). Denote by z1, . . . , zr the neighbors of xi
in T , where z1 lies on the path Q, z2 = xi−1 and z3 = xi+1. For i = 1, . . . , r, let
Bi be the branch of T at xi containing zi, and let ai = |V (Bi) ∩ L(T )|. Suppose
that r ≥ 4. Let T ′ = T − xiz1 + xi−1z1. and T ′′ = T − xiz1 + xi+1z1. Note the
diameters of T ′ and T ′′ are both d. By direct calculation,
sT ′(x, L(T
′))− sT (x, L(T )) =
r∑
j=3
∑
w∈V (Bj)∩L(T )
1−
∑
w∈V (B2)∩L(T )
1
=
r∑
j=3
aj − a2
=
r∑
j=2
aj − 2a2,
and similarly,
sT ′′(x, L(T
′′))− sT (x, L(T )) =
r∑
j=2
aj − 2a3.
So sT ′(x, L(T
′))−sT (x, L(T ))+sT ′′(x, L(T ′′))−sT (x, L(T )) = 2
∑r
j=4 aj > 0, im-
plying that either LS(T ′) ≥ sT ′(x, L(T ′)) > LS(T ) or LS(T ′′) ≥ sT ′′(x, L(T ′′)) >
LS(T ), a contradiction. It follows that r = 3. Suppose that there is a leaf of T
different from x such that it is not adjacent to x1 or xd−1. Choose such a leaf y
of T such that dT (y, P ) is as large as possible. Assume that dT (y, P ) = dT (y, xj),
where 2 ≤ j ≤ d − 2 with j 6= i. Assume that j < i. Let y′ be the unique
neighbor of y in T . By moving the leaf edges at y′ from y′ to x1 we get a tree T ′,
for which we have LS(T ′)−LS(T ) ≥ sT ′(x, L(T ′))−sT (x, L(T )) ≥ dT (x, y′) > 0,
so LS(T ′) > LS(T ), a contradiction. This shows that δT (xk) = 2 for any
2 ≤ k ≤ d− 2 with k 6= i.
Let ` = dT (x, xi). Assume that i ≤ bd2c. By the choice of T , δT (x1) = 2 and
δT (xd−1) = n− d− `. So LS(T ) = sT (x, L(T )) = `+ i+ (`+ d− i)(n− d− `− 1)
and sT (x0, L(T )) = (n − d − ` − 1)d + ` + i. But sT (x0, L(T )) − LS(T ) =
(n − d − ` − 1)(i − `) > 0, a contradiction. Thus x lies on some diametric path
of T .
Let P ′ := xv1 . . . vd be a diametric path starting from x. By the choice of T
and the argument as above, all leaves of T different from x are adjacent to vd−1,
i.e., T ∼= Pn,n−d. The result follows by noting that LS(T ) = d(n− d).
5 Minimum internal status
Proposition 5.1. Let T be a tree of order n ≥ 3.
(i) is(T ) ≥ 0 with equality if and only if T ∼= Sn.
(ii) If T  Sn, then is(T ) ≥ 1 with equality if and only if T is a double star.
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(iii) If T  Sn, and T is not a double star, then is(T ) ≥ 2 with equality if and
only if T is a caterpillar of diameter 4.
Proof. Item (i) follows from the fact that Sn is the only tree with exactly one
internal vertex. Item (ii) follows as the double stars are the only trees with exactly
two (adjacent) internal vertices. Item (iii) follows as for any tree T of diameter
at least 4 contains three internal vertices inducing a path P3 in T , and if T has
more than 3 internal vertices, then the subtree induced by internal vertices in T
contains S4 or P4 so that is(T ) ≥ 3.
Furthermore, we have
Proposition 5.2. Suppose that T is a tree of order n with diameter d, where
2 ≤ d ≤ n− 1. Then
is(T ) ≥
⌊
(d− 1)2
4
⌋
with equality if and only if T is caterpillar.
Proof. By Lemma 2.2, an I(T )-centroid vertex is an internal vertex of T .
Let P := v0 . . . vd be a diametric path in T . Obviously, {v1, . . . , vd−1} induces
in T a path Pd−1. If T is a caterpillar, then is(T ) = s(Pd−1). Suppose that
T is not a caterpillar, i.e., I(T ) \ V (P ) 6= 0. For any i = 1, . . . , d − 1, we
have sT (vi, I(T )) ≥ s(Pd−1) +
∑
w∈I(T )\V (P ) dT (w, vi) > s(Pd−1). Suppose that
w ∈ I(T ) \ V (P ). Assume that dT (w, vj) = dT (w,P ) for some 2 ≤ j ≤ d − 2.
Then we have
sT (w, I(T )) ≥ sT (w, I(T ) ∩ V (P )) > sT (vj, I(T ) ∩ V (P )) ≥ s(Pd−1).
Therefore, is(T ) ≥ s(Pd−1) =
⌊
(d−1)2
4
⌋
with equality if and only if T is caterpillar.
Theorem 5.1. Let T be a tree of order n ≥ 3. Then
is(T ) ≤
⌊
(n− 2)2
4
⌋
with equality if and only if T ∼= Pn.
Proof. By Lemma 2.2, an I(T )-centroid vertex is an internal vertex of T , so
is(T ) equals to the minimum status of T ′, i.e., is(T ) = s(T ′), where T ′ is the
tree obtained from T by deleting all leaves. Let k = |L(T )|. By Proposition 2.1
in [1], we have
is(T ) = s(T ′) ≤
⌊
(n− k)2
4
⌋
≤
⌊
(n− 2)2
4
⌋
with equalities if and only if k = 2 and T ∼= Pn.
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6 Maximum internal status
Similarly to Proposition 5.1, we have
Proposition 6.1. Let T be a tree of order n ≥ 3. The following statements are
true.
(i) IS(T ) ≥ 1 with equality if and only if T ∼= Sn.
(ii) If T  Sn, then IS(T ) ≥ 3 with equality if and only if T is a double star.
(iii) If T  Sn, and T is not a double star, then IS(T ) ≥ 6 with equality if and
only if T is a caterpillar of diameter 4.
Furthermore, we have
Proposition 6.2. Suppose that T is a tree of order n with diameter d, where
2 ≤ d ≤ n− 1. Then IS(T ) ≥ d(d−1)
2
with equality if and only if T is caterpillar.
Proof. Let P := v0v1 . . . vd be a diametric path in T . Let I
∗(T ) = I(T ) \
{v1, . . . , vd−1}. Then
IS(T ) ≥ max{sT (v0, I(T )), sT (vd, I(T ))}
≥ sT (v0, I(T )) + sT (vd, I(T ))
2
=
2
∑d−1
i=1 i+
∑
w∈I∗(T )(dT (v0, w) + dT (vd, w))
2
≥ d(d− 1)
2
with equality if and only if I∗(T ) = ∅, i.e., T is a caterpillar.
Let T be a tree with u ∈ V (T ). For positive integer p, we denote by Tu;p the
tree consisting of T and a path P := uu1 . . . up such that u is the only common
vertex of T and the path P . In this case, we also say that P is ‘hanging’ a path
of length p at u in Tu;p, though it is really a hanging path of length p at u in Tu;p
only when δT (u) ≥ 2.
Let Gu;0 = G. For nonnegative integer p and q, let Gu;p,q = (Gu;p)u;q.
Lemma 6.1. Let T be a nontrivial tree with u ∈ V (T ) Let p and q be positive
integers with p ≥ q. Then IS(Tu;p+1,q−1) = IS(Tu;p,q) if q ≥ 2 and T is a star
with center u, otherwise IS(Tu;p+1,q−1) > IS(Tu;p,q).
Proof. Let H = Tu;p,q and H
′ = Tu;p+1,q−1. Let u0u1 . . . up and v0v1 . . . vq be
the two ‘hanging’ paths at u in H, where u0 = v0 = u. Let x be a internal
peripherian vertex of H. Let L∗(T ) = L(T ) if u 6∈ L(T ) and L∗(T ) = L(T ) \ {u}
otherwise. Then x ∈ L(H) = L∗(T ) ∪ {up, vq} by Lemma 2.4. As p ≥ q, we have
sH(up, I(H)) ≥ sH(vq, I(H)). So we may assume that x ∈ L∗(T ) ∪ {up}. Let
I∗(T ) = I(T ) if u ∈ I(T ) and I∗(T ) = I(T ) ∪ {u} otherwise.
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Case 1. x ∈ L∗(T ).
If q ≥ 2, then
sH(x, I(H)) =
∑
w∈I∗(T )
dH(x,w) +
p−1∑
i=1
(dH(x, u) + i) +
q−1∑
i=1
(dH(x, u) + i)
=
∑
w∈I∗(T )
dH(x,w) + dH(x, u)(p+ q − 2) +
p−1∑
i=1
i+
q−1∑
i=1
i,
and
sH′(x, I(H
′)) =
∑
w∈I∗(T )
dH′(x,w) +
p∑
i=1
(dH′(x, u) + i) +
q−2∑
i=1
(dH′(x, u) + i)
=
∑
w∈I∗(T )
dH′(x,w) + dH′(x, u)(p+ q − 2) +
p∑
i=1
i+
q−2∑
i=1
i.
Then sH′(x, I(H
′))−sH(x, I(H)) = p−q+1 > 0 and thus IS(H ′) ≥ sH′(x, I(H ′)) >
sH(x, I(H)) = IS(H).
If q = 1, then
sH(x, I(H)) =
∑
w∈I∗(T )
dH(x,w) +
p−1∑
i=1
(dH(x, u) + i)
=
∑
w∈I∗(T )
dH(x,w) + dH(x, u)(p− 1) +
p−1∑
i=1
i,
and
sH′(x, I(H
′)) =
∑
w∈I∗(T )
dH′(x,w) +
p∑
i=1
(dH′(x, u) + i)
=
∑
w∈I∗(T )
dH′(x,w) + dH′(x, u)p+
p∑
i=1
i.
Then sH′(x, I(H
′))−sH(x, I(H)) = dH(x, u)+p > 0 and thus IS(H ′) ≥ sH′(x, I(H ′)) >
sH(x, I(H)) = IS(H).
Case 2. x = up.
Let q ≥ 2. Then
sH(x, I(H)) =
∑
w∈I∗(T )
(p+ dH(u,w)) +
p−1∑
i=1
i+
q−1∑
i=1
(p+ i)
=
∑
w∈I∗(T )
(p+ dH(u,w)) + p(q − 1) +
p−1∑
i=1
i+
q−1∑
i=1
i,
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and
sH′(x, I(H
′)) =
∑
w∈I∗(T )
(p+ 1 + dH′(u,w)) +
p∑
i=1
i+
q−2∑
i=1
(p+ 1 + i)
=
∑
w∈I∗(T )
(p+ 1 + dH′(u,w)) + (p+ 1)(q − 2) +
p∑
i=1
i+
q−2∑
i=1
i.
Then sH′(x, I(H
′)) − sH(x, I(H)) = |I∗(T )| − 1. If |I∗(T )| ≥ 2, then IS(H ′) ≥
sH′(x, I(H
′)) > sH(x, I(H)) = IS(H). If |I∗(T )| = 1, then IS(H ′) = sH′(x, I(H ′)) =
sH(x, I(H)) = IS(H).
Let q = 1. Then
sH(x, I(H)) =
∑
w∈I∗(T )
(p+ dH(u,w)) +
p−1∑
i=1
i,
and
sH′(x, I(H
′)) =
∑
w∈I∗(T )
(p+ 1 + dH′(u,w)) +
p∑
i=1
i.
Then sH′(x, I(H
′))−sH(x, I(H)) = |I∗(T )|+p > 0, and so IS(H ′) ≥ sH′(x, I(H ′)) >
sH(x, I(H)) = IS(H).
The result follows by combing the above two cases and noting that |I∗(T )| = 1
if and only if T is a star with center u.
Theorem 6.1. Let T be a tree of order n ≥ 3. Then
IS(T ) ≤ n
2 − 3n+ 2
2
with equality if and only if T ∼= Pn.
Proof. Let T be a tree of order n that maximizes the maximum internal status.
Suppose that T is not a path. Let x ∈ L(T ). Then we choose a vertex of
degree at least three, say u, such that dT (x, u) is as large as possible. Then
there are two hanging paths P and Q at u in T . By Lemma 6.1, we can obtain
a tree T ′ so that IS(T ′) > IS(T ), a contradiction. Thus T ∼= Pn. Evidently,
IS(Pn) =
∑n−2
i=1 i =
n2−3n+2
2
.
Theorem 6.2. Let T be a tree of order n with maximum degree ∆, where 2 ≤
∆ ≤ n− 1. Then IS(T ) ≤ 1
2
(n−∆)(n−∆ + 1) with equality if and only if T is
a starlike tree with at least ∆− 2 hanging paths being of length one.
Proof. It is trivial if ∆ = 2. Suppose that ∆ ≥ 3. Let T be a tree of order
n with maximum degree ∆ that maximizes the maximum internal status. Let
u be a vertex of degree ∆. If there is a vertex different from u with degree at
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least three, then we may choose such a vertex v by requiring that dT (u, v) is as
large as possible. This implies that there are two hanging paths at v in T . By
Lemma 6.1, there is a tree of order n with maximum degree ∆ having larger
maximum internal status, which is a contradiction. That is, u is the only vertex
of degree at least three. In other words, T is a starlike tree. By Lemma 6.1
again, ∆ − 2 hanging paths are of length one. Thus T is a starlike tree with at
least ∆− 2 hanging paths being of length one. The result follows by noting that
IS(T ) = IS(Pn,∆−1) =
∑n−∆
i=1 i =
1
2
(n−∆)(n−∆ + 1).
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